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L2-ERROR ESTIMATES FOR H(DIV)-CONFORMING SCHEMES APPLIED TO
A LINEARISED MODEL OF INVISCID INCOMPRESSIBLE FLOW
GABRIEL BARRENECHEA, ERIK BURMAN, AND JOHNNY GUZMAN
Abstract. In this note an error estimate in the L2-norm of order O(hk+
1
2 ) is proven for a finite
element method for a linearised model of inviscid incompressible flow. We also prove error estimates
of the same order for the pressure error in the L2-norm.
1. Introduction
The use of H(div) conforming finite element methods for the approximation of incompressible flow
at high Reynolds number has been receiving increasing attention from the research community recently
[8, 13, 18]. By construction such methods can satisfy the divergence free condition exactly. The lack
of H1-conformity is handled using techniques drawing on ideas from discontinuous Galerkin methods
[7], resulting in several possible different choices for the discretisation of the transport term and the
viscous term. For the former one may either design an energy conserving method using central fluxes,
or one may opt for a dissipative alternative in the form of upwind fluxes. The latter were shown in
[8] to be more robust than the former, as is the case for discontinuous Galerkin (DG) methods. For
DG-methods applied to scalar problems it is well known that thanks to the dissipative properties of
the upwind flux one may prove an error estimate in the L2-norm that is optimal for general meshes,
of the form (see, e.g., [10])
(1.1) ‖u− uh‖L2(Ω) ≤ Chk+
1
2 |u|Hk+1(Ω),
where u is the exact solution, uh its DG-approximation, Ω is the computational domain, h the mesh
parameter, and finally k the polynomial order of the approximation space. On special meshes one in
fact can prove optimal estimates with rate hk+1 for upwind DG methods applied to scalar problems
[5, 16]. However, as it is shown in [14], the result (1.1) is sharp on general meshes.
Estimates of the type (1.1) are also the best that is known for either stabilised conforming finite
element approximations, or fully DG methods, of laminar solutions of the Navier-Stokes’ equations in
the high Reynolds number regime [4, 9], or the incompressible Euler equations [11, 3]. The robustness
of the H(div)-conforming elements in the case of vanishing viscosity was shown in [12] for the case of
the Brinkman problem, i.e. without the convection terms. Despite all the work quoted above, there
seems to be no proof of an error estimate of the type (1.1) for finite element methods using H(div)
conforming elements applied to incompressible flow problems (see the discussion in [18, 13]).
The purpose of this note is to fill the gap mentioned in the last paragraph. That is, proving an
estimate of the type (1.1) for finite element methods approximating a stationary linearised model of
inviscid flow and using H(div)-conforming approximation spaces for the velocity approximation. As
stabilising fluxes, these need to be either upwind, or, in case of central fluxes, an additional penalty
term on the jump of the tangential component of the velocity needs to be added. In the particular case
in which the velocity is approximated using the Raviart-Thomas space we also prove a convergence
result for the pressure error, showing that the approximate pressure converges to the exact pressure
in the L2-norm also with the rate O(hk+
1
2 ). For the BDM space the rate O(hk+
1
2 ) is obtained for
the projection of the error onto the pressure space, but since in this case the pressure space is of
polynomial order k − 1, this is a superconvergence result.
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We do not present any numerical experiments herein, but refer to the above references for ample
numerical evidence of the performance of this type of method (see, e.g., [18, 17]).
1.1. Notation and problem setting. Let Ω ⊂ Rd, d = 2, 3 be an open bounded polyhedral domain
with Lipschitz boundary. We adopt standard notation for Sobolev spaces. More precisely, the L2-
scalar product over a set X ⊂ Ω will be denoted by (·, ·)X with the associated norm ‖v‖X := (v, v)
1
2
X .
Whenever X = Ω, the subscript is omitted. The space L20(X) will denote the space of functions in
L2(X) with zero mean value in X . Ths space H(div;X) is defined as the space of functions of L2(X)d
with distributional divergence in L2(X), and the space H0(div;X) denotes the space of functions in
H(div;X) with zero normal trace on ∂X .
To keep the analysis as simple as possible we consider a linear model of inviscid flow obtained by
considering the Oseen’s problem in the inviscid limit. More precisely, in this work we analyse the
following problem: Find a velocity u and a pressure p satisfying
div (u⊗ β) + σu+∇p =f in Ω ,(1.2a)
divu =0 in Ω ,(1.2b)
u · n =0 on Γ ,(1.2c)
u⊗ t =0 on Γ− ,(1.2d)
where Γ = ∂Ω,Γ− := {x ∈ Γ : β · n < 0}. We think of u and β as column vectors. The matrix
(u ⊗ β) is given by u⊗ β = u · βt. We assume that divβ = 0. We also assume that σ(x) > σ0 > 0
for all x ∈ Ω and that there exists a unique solution (u, p) ∈ [H1(Ω)]d × L20(Ω) to (1.2).
2. Upwind H(div) method
2.1. Preliminaries. We denote by {Th}h>0 a family of shape-regular simplicial triangulations of Ω.
The elements of Th are denoted by T , with diameter hT , and h := max{hT : T ∈ Th}. The set of its
facets (edges for d = 2, faces for d = 3) is denoted by Eh. To cater for the nonconforming character
of the approximation we also introduce the following broken versions of the scalar product
(v,w)h =
∑
T∈Th
∫
T
v ·w dx,
〈v,w〉h =
∑
T∈Th
∫
∂T
v ·w ds.
In addition, we introduce the broken space H(Th), of functions in L
2(Ω) whose restriction to every
T ∈ Th belongs to H(T ).
Let T ∈ Th and let x ∈ ∂T then we define
v±β (x) = limǫ→0
v
(
x± ǫ(β(x) · n(x))n(x)) ,
and
vˆ(x) = v−β (x) if x 6∈ Γ−,(2.1)
vˆ(x) = 0 if x ∈ Γ−.(2.2)
For F ∈ Eh and F = ∂T1 ∩ ∂T2 for T1, T2,∈ Th we define the jumps
[[v ⊗ n]] |F = v|T1 ⊗ n1 + v|T2 ⊗ n2 ,
and for F ∈ Eh and F ⊂ Γ we define
[[v ⊗ n]] |F = v ⊗ n.
We then define the semi-norm on the jumps of the solution over element boundaries to be
|v|2β =
∑
F∈Eh
‖
√
|β · n| [[v ⊗ n]] ‖2L2(F ).
L2-ERROR ESTIMATES FOR H(DIV)-CONFORMING FEM 3
With these definitions we can state the following important identity [7, Lemma 6.1]
Proposition 2.1. For all v ∈ H1(Th)d, the following holds
(2.3) (v ⊗ β,∇v)h − 〈β · nvˆ,v〉h = −1
2
|v|2β.
Let us define the Raviart-Thomas [15] and BDM spaces [2]. The space of polynomials of degree at
most k defined in T is denoted by Pk(T ), and we denote Pk(T ) = [Pk(T )]
d. For every T ∈ Th, let
RTk(T ) = Pk(T ) + (Pk(T ) \ Pk−1(T ))x. We define, for k ≥ 0, the spaces
V RTh,k ={v ∈ H0(div; Ω) : v|T ∈ RTk(T ) for all T ∈ Th},
V BDMh,k ={v ∈ H0(div; Ω) : v|T ∈ Pk(T ) for all T ∈ Th},
Mh,k ={q ∈ L20(Ω) : q|T ∈ Pk(T ) for all T ∈ Th}.
A well-known property linking these two spaces is stated now.
Lemma 2.2. Let v ∈ V RTh,k with div v = 0 on Ω then v ∈ V BDMh,k .
We next introduce the standard L2-projection on polynomials on an element T , PTk : L
2(T ) →
Pk(T ). Its global equivalent will be denoted Pk : L
2(Ω)→Mh,k. We recall the standard estimates for
the L2-projection (see, e.g., [6])
‖Pkq − q‖L2(Ω) + h‖∇(Pkq − q)‖L2(Ω) ≤ C hk+1T |q|Hk+1(Ω) ,(2.4)
‖q − P0q‖L∞(T ) ≤ C hT ‖q‖W 1,∞(T ) .(2.5)
The Raviart-Thomas interpolation operator will be used in the sequel. It is defined as follows:
Π : [H1(Ω)]d ∩H0(div; Ω)→ V RTh,k where Πv is the only function of V RTh,k satisfying∫
T
(Πv − v) ·w dx =0 for all w ∈ Pk−1(T ), and all T ∈ Th,(2.6) ∫
F
(Πv − v) · n ds =0 for all s ∈ Pk(F ), and all F ∈ Eh.(2.7)
This operator satisfies the following classical properties (see, e.g., [1]).
Lemma 2.3. Let k ≥ 0. The mapping Π satisfies the following commutative property
(2.8) divΠv = Pkdiv v .
Let v ∈ [Hk+1(Ω)]d then we have
‖Πv − v‖L2(T ) + hT ‖∇(Πv − v)‖L2(T ) ≤ C hk+1T |v|Hk+1(T ) for all T ∈ Th.
We end this section recalling the following classical inverse and local trace inequalities that hold
for every T ∈ Th
|vh|1,T ≤ Ch−1‖vh‖0,T ∀ vh ∈ Pk(T ) ,(2.9)
‖v‖0,∂T ≤ C
(
h
−
1
2
T ‖v‖0,T + h
1
2
T |v|1,T
) ∀ v ∈ H1(T ) .(2.10)
2.2. The finite element method and the error estimates for the velocity. Throughout, the
velocity and pressure will be approximated using the spaces Vh and Mh, respectively. In this work
we will consider the following choices:
Vh = V
RT
h,k and Mh =Mh,k, for k ≥ 0,
or
Vh = V
BDM
h,k and Mh =Mh,k−1, for k ≥ 1.
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The numerical method analysed here reads: Find u ∈ Vh and ph ∈Mh such that
−(uh,β · ∇vh)h + 〈(β · n)ûh,vh〉h + (σuh,vh)− (ph, div vh) = (f ,vh) for all vh ∈ Vh,(2.11a)
(divuh, qh) = 0 for all qh ∈Mh.(2.11b)
Thanks to the inf-sup stability of the pair Vh×Mh (see [1]), and Proposition 2.1, problem (2.11) has a
unique solution. Moreover, Method (2.11) is consistent; in fact, for (u, p) ∈ [H1(Ω)]d ×L20(Ω) solving
(1.2) we have
−(u,β · ∇vh)h + 〈(β · n)u,vh〉h + (σu,vh)− (p, div vh) = (f ,vh) for all vh ∈ Vh,(2.12a)
(divu, qh) = 0 for all qh ∈Mh.(2.12b)
We can now derive an error estimate for the velocity. We let eh = Πu−uh and start noticing that
(2.13) div eh = 0.
Hence, by Lemma 2.2 we have eh ∈ V BDMh,k and in particular
(2.14) ∇eh|T ∈ [Pk−1(T )]d×d for all T ∈ Th.
Theorem 2.4. Let u ∈ [H1(Ω)]d solve (1.2) and let uh ∈ Vh solve (2.11). Then, the following error
estimate holds
‖√σ(u − uh)‖L2(Ω) + |u− uh|β ≤ C
(
1 +
‖β‖W 1,∞(T )
σ0
)
‖√σ(u −Πu)‖L2(Ω)
+ C‖β‖1/2L∞(Ω)
(∑
T∈Th
(
1
hT
‖u−Πu‖2L2(T ) + hT ‖∇(u−Πu)‖2L2(T )
)) 12
,
where the constant C does not depend on h, or any physical parameter of the equation.
Proof. Using (2.11), (2.12), (2.13), and (2.3) we get
‖√σeh‖2L2(Ω) =(σ(u − uh), eh) + (σ(Πu − u), eh)
=((u− uh),β · ∇eh)h − 〈β · n(u − ûh), eh〉h + (σ(Πu − u), eh)
=((Πu− uh),β · ∇eh)h − 〈β · n(Π̂u− ûh), eh〉h
+ ((u −Πu),β · ∇eh)h − 〈β · n(u− Π̂u), eh〉h + (σ(Πu − u), eh)
=− 1
2
|eh|2β + ((u −Πu),β · ∇eh)h − 〈β · n(u− Π̂u), eh〉h + (σ(Πu − u), eh) .
Hence, we have
‖√σeh‖2L2(Ω) +
1
2
|eh|2β
= (u −Πu,β · ∇eh)h − 〈β · n(u − Π̂u), eh〉h + (σ(Πu− u), eh) .(2.15)
We bound each term separately. Using (2.14), the definition of Π (2.7), (2.5), and (2.9), we have
(2.16) (u−Πu,β · ∇eh)h = (u−Πu, (β− P0β) · ∇eh)h ≤ C‖β‖W 1,∞(Ω)‖u−Πu‖L2(Ω)‖eh‖L2(Ω) .
Using the contributions from neighbouring elements on the face to express the discrete error on the
faces in terms of jumps, the normal continuity of u andΠu, and using the local trace inequality (2.10)
it is easy to show that
(2.17)
−〈β ·n(u− Π̂u), eh〉h ≤ C ‖β‖
1
2
L∞(Ω)|eh|β
(∑
T∈Th
(
1
hT
‖u−Πu‖2L2(T ) + hT ‖∇(u−Πu)‖2L2(T )
)) 12
.
Finally,
(2.18) (σ(Πu − u), eh) ≤ ‖
√
σ(Πu− u)‖L2(Ω)‖
√
σeh‖L2(Ω).
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Therefore, inserting (2.16)-(2.18) into (2.15) we arrive at
‖√σeh‖L2(Ω) + |eh|β ≤C(1 +
‖β‖W 1,∞(Ω)
σ0
)‖√σ(u−Πu)‖L2(Ω)
+ C‖β‖
1
2
L∞(Ω)
(∑
T∈Th
(
1
hT
‖u−Πu‖2L2(T ) + hT ‖∇(u−Πu)‖2L2(T )
)) 12
.
The result follows after applying the triangle inequality. 
The following result appears as a corollary of the last theorem and Lemma 2.3.
Corollary 2.5. Let u ∈ [Hk+1(Ω)]d solve (1.2) and let uh ∈ Vh solve (2.11). Then, the following
error estimate holds
‖√σ(u− uh)‖L2(Ω) + |u− uh|β ≤C
([
1 +
‖β‖W 1,∞(T )
σ0
]
‖√σ‖L∞(Ω)h
1
2 + ‖β‖
1
2
L∞(Ω)
)
hk+
1
2 ‖u‖Hk+1(Ω).
Remark 2.6. The arguments of Theorem 2.4 and Corollary 2.5 may be used to improve the order
obtained Theorem 2.2 of [8] to O(hk+
1
2 ), if an upwind flux is used. Following the ideas above, use
integration by parts in the first term of I1 in the equation after (2.12). Then add and subtract
the exact solution to the approximate solution in term I3 and recombine terms, so that one may use
continuity on the norm augmented with L2-control on the faces the jumps of the approximate velocity.
2.3. L2-error estimates for the pressure approximation. Since the pressure space is of polyno-
mial order k for the method using the RT space for velocity approximation and k− 1 for the method
using the BDM space, the optimal orders that can be obtained for the error of the pressure approx-
imation in the L2-norm is O(hk+1) and O(hk), respectively. Here we will prove the following orders
for the pressure error :
(1) in the first case (RT), O(hk+
1
2 ); this is, the same suboptimality of O(h
1
2 ) as for the velocity
approximation.
(2) in the second case (BDM) we get the optimal convergence O(hk); considering that the pressure
space is of degree k − 1. For the discrete error, i.e. the projection of the error on the space
Mh, we get an O(h
k+ 1
2 ) estimate, this is a superconvergence of O(h
1
2 ) compared with the
approximation property of the space of constant functions.
Theorem 2.7. Let (u, p) ∈ [H1(Ω)]d × L20(Ω) solve (1.2) and let (uh, ph) ∈ Vh ×Mh solve (2.11).
Let ℓ denote the polynomial order of the space Mh. Then, the following error estimate holds
‖Pℓp− ph‖L2(Ω) ≤C(‖β‖L∞(Ω)σ−
1
2
0 + σ
1
2 )‖√σ(u− uh)‖L2(Ω)
+ C ‖β‖L∞(Ω)
(∑
T∈Th
(
‖u−Πu‖2L2(T ) + h2T ‖∇(u−Πu)‖2L2(T )
)) 12
.
Proof. Using the surjectivity of the divergence operator there exists vp ∈ [H10 (Ω)]d such that div vp =
Pℓp− ph and
(2.19) ‖vp‖H1(Ω) ≤ C‖Pℓp− ph‖L2(Ω).
It follows from (2.19) and (2.8) that
‖Pℓp− ph‖2L2(Ω) = (Pℓp− ph, div vp) = (Pℓp− ph, divΠvp) = (p− ph, divΠvp).
If Vh ≡ V RTh,k then choose Πvp ∈ V RTh,k and if Vh ≡ V BDMh,k choose Πvp ∈ V RTh,k−1 ⊂ V BDMh,k .
Using (2.11) and (2.12) we find that
(2.20) (p− ph, divΠvp) = −(u− uh,β · ∇Πvp)h + 〈(β · n)(u − ûh),Πvp〉h + (σ(u − uh),Πvp).
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Applying the Cauchy-Schwarz inequality and the stability of the RT interpolant and of vp we have
−(u− uh,β · ∇Πvp)h + (σ(u − uh),Πvp) ≤ (‖β‖L∞(Ω)σ−
1
2
0 + σ
1
2 )‖√σ(u− uh)‖L2(Ω)‖vp‖H1(Ω).
For the remaining term observe that
〈(β · n)(u − ûh),Πvp〉h = 1
2
〈(β · n)(u − ûh), [[(Πvp − vp)⊗ n]]〉h.
The right hand side of is bounded using the Cauchy-Schwarz inequality, the trace inequality (2.10)
and the interpolation properties of the RT-interpolant of Lemma 2.3 as follows
1
2
〈(β · n)(u − ûh), [[(Πvp − vp)⊗ n]]〉h
≤ C‖β‖L∞(Ω)
∑
T∈Th
(h
− 1
2
T ‖u− uh‖L2(T ) + h
1
2
T ‖∇(u− uh)‖L2(T ))h
1
2
T ‖vp‖H1(T )
≤ C‖β‖L∞(Ω)
∑
T∈Th
(‖u− uh‖L2(T ) + ‖u−Πu‖L2(T ) + hT ‖∇(u−Πu)‖L2(T ))‖vp‖H1(T ),
where in the last step we added and subtracted Πu, used the triangle inequality and the inverse
inequality (2.9). We conclude by using (2.19) . 
The following result is an immediate consequence of the Theorems 2.7 and Corollary 2.5 and the
approximation properties of the L2-projection,
Corollary 2.8. Assume that Vh = V
RT
h,k and Mh = Mh,k. Then, there exists C˜β,σ > 0 that depends
only on the constants in the bounds of Theorems 2.7 and Corollary 2.5 such that
‖p− ph‖L2(Ω) ≤ C˜β,σhk+
1
2 ‖u‖Hk+1(Ω) + Chk+1|p|Hk+1(Ω) .
For the case in which Vh = V
BDM
h,k and Mh =Mh,k−1, the following error estimate holds
‖Pk−1p− ph‖L2(Ω) ≤ Cˆβ,σhk+
1
2 ‖u‖Hk+1(Ω)
and
‖p− ph‖L2(Ω) ≤ Cˆβ,σhk+
1
2 ‖u‖Hk+1(Ω) + Chk|p|Hk(Ω),
where Cˆβ,σ depends on the constants in the bounds of Theorems 2.7 and Corollary 2.5.
References
[1] D. Boffi, F. Brezzi, and M. Fortin. Mixed finite element methods and applications, volume 44 of Springer Series in
Computational Mathematics. Springer, Heidelberg, 2013.
[2] F. Brezzi, J. Douglas, Jr., and L. D. Marini. Two families of mixed finite elements for second order elliptic problems.
Numer. Math., 47(2):217–235, 1985.
[3] E. Burman. Robust error estimates for stabilized finite element approximations of the two dimensional Navier-
Stokes’ equations at high Reynolds number. Comput. Methods Appl. Mech. Engrg., 288:2–23, 2015.
[4] E. Burman and M. A. Ferna´ndez. Continuous interior penalty finite element method for the time-dependent Navier-
Stokes equations: space discretization and convergence. Numer. Math., 107(1):39–77, 2007.
[5] B. Cockburn, B. Dong, and J. Guzma´n. Optimal convergence of the original dg method for the transport-reaction
equation on special meshes. SIAM Journal on Numerical Analysis, 46(3):1250–1265, 2008.
[6] A. Ern and J.-L. Guermond. Theory and practice of finite elements, volume 159 of Applied Mathematical Sciences.
Springer-Verlag, New York, 2004.
[7] V. Girault, B. Rivie`re, and M. F. Wheeler. A discontinuous Galerkin method with nonoverlapping domain decom-
position for the Stokes and Navier-Stokes problems. Math. Comp., 74(249):53–84, 2005.
[8] J. Guzma´n, C.-W. Shu, and F. A. Sequeira. H(div) conforming and DG methods for incompressible Euler’s equa-
tions. IMA J. Numer. Anal., 37(4):1733–1771, 2017.
[9] P. Hansbo and A. Szepessy. A velocity-pressure streamline diffusion finite element method for the incompressible
Navier-Stokes equations. Comput. Methods Appl. Mech. Engrg., 84(2):175–192, 1990.
[10] C. Johnson and J. Pitka¨ranta. An analysis of the discontinuous Galerkin method for a scalar hyperbolic equation.
Math. Comp., 46(173):1–26, 1986.
[11] C. Johnson and J. Saranen. Streamline diffusion methods for the incompressible Euler and Navier-Stokes equations.
Math. Comp., 47(175):1–18, 1986.
L2-ERROR ESTIMATES FOR H(DIV)-CONFORMING FEM 7
[12] J. Ko¨nno¨ and R. Stenberg. H(div)-conforming finite elements for the Brinkman problem. Math. Models Methods
Appl. Sci., 21(11):2227–2248, 2011.
[13] A. Natale and C. J. Cotter. A variational H(div) finite-element discretization approach for perfect incompressible
fluids. IMA J. Numer. Anal., 38(3):1388–1419, 2018.
[14] T. E. Peterson. A note on the convergence of the discontinuous galerkin method for a scalar hyperbolic equation.
SIAM Journal on Numerical Analysis, 28(1):133–140, 1991.
[15] P.-A. Raviart and J. M. Thomas. A mixed finite element method for 2nd order elliptic problems. pages 292–315.
Lecture Notes in Math., Vol. 606, 1977.
[16] G. R. Richter. An optimal-order error estimate for the discontinuous galerkin method.Mathematics of Computation,
50(181):75–88, 1988.
[17] P. W. Schroeder, C. Lehrenfeld, A. Linke, and G. Lube. Towards computable flows and robust estimates for inf-sup
stable FEM applied to the time-dependent incompressible Navier-Stokes equations. SeMA J., 75(4):629–653, 2018.
[18] P. W. Schroeder and G. Lube. Divergence-free H(div)-FEM for time-dependent incompressible flows with applica-
tions to high Reynolds number vortex dynamics. J. Sci. Comput., 75(2):830–858, 2018.
Department of Mathematics and Statistics, University of Strathclyde, 26 Richmond Street, Glasgow,
G1 1XH United Kingdom
E-mail address: gabriel.barrenechea@strath.ac.uk
Department of Mathematics, University College London, London, UK-WC1E 6BT, United Kingdom
E-mail address: e.burman@ucl.ac.uk
Division of Applied Mathematics Brown University Box F 182 George Street Providence, RI 02912
E-mail address: johnny guzman@brown.edu
